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Nomenclature 14 = transformed normal velocity [Eq. (3a)]
. .. Ve = freestream velocity, fps
Ci = mass fraction of species 4, pi/p ) w; = mass rate of formation of species ¢, Ib sec?/(ft* sec)
Cps = gpecific heat at constant pressure of species 7z, ft2/ z = distance along surface from leading edge or stagnation
(sec”R)_ point, ft
&y = frozen specific heat at constant pressure of the mixture y = distance along normal from surface, ft
D cicps £12/(sec?°R) I = viscosity, Ib sec/ft?
i ) ) ) P = density, 1b sec?/ft*
D;; = multicomponent diffusion coefficient, ft2/sec oi = density of species 7, Ib sec?/ft*
D;; = binary diffusion coefficient, ft?/sec
D7 = thermal diffusion coefficient, Ib see/ft Subscripts
h = enthalpy, 2; hics, 112 /sec? baw = conditions at body surface
hy = enthalpy of species 7, ft?/sec? e = coixditions at outer edge of shock layer or boundary
k = thermal conductivity of mixture, Ib/(sec® R) _ ayer luated f ) disi
1 — density-viscosity product, pu/(pu): r = ?W.uant%‘cles eva [th.a@e at some reference condition
L;; = multicomponent Lewis-Semenov number, ¢,0D:;/k ® = freestream conditions
£;; = binary Lewis-Semenov number ¢,pD;;/k S .
L7 = thermal Lewis-Semenov number, &,D.7 /k uperscrepts
M = molecular weight of the mixture, 1 / (Z cif/M;), b/ j=0= two-dimensional body
7 7 = 1 = axisymmetric body
Ib-mole
M; = molecular weight of species 7, Ib/Ib-mole
NI = number of chemical species I. Review of Numerical Techniques
Pr = Prandtl number ¢ u/k .
P = pressure, lb/ft? ) HE step-by-step solution of the first-order boundary-layer
po’ = normal shock stagnation pressure, atm . equations was considered by Prandtl! as early as 1938.
g = un{"el‘sg! gas constant, 1b £t*/(Ib-mole sec? °R) A review of the early work (up to 1955) on numerical solutions
v = noseradius, ft . of the boundary-layer equations is given in Ref. 2, whereas a
r = distance from axis in axisymmetric problems, ft . : : . .
T — temperature, °R more recent review of the Russian literature™ is given in Refs.
To' = normal shock stagnation temperature, °K 3 and. 4. There has been a rapid developmen.t pf nqmerical
Tx = temperature, °K techniques in recent years, and these can be divided into the
up = velocity components tangential and normal to body following categories: = 1) difference-differential procedure;

surface, fps

2) method of integral relations; 3) finite difference schemes.
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The difference-differential procedure was originally de-
veloped by Hartree and Womersley® and has been applied by
Leight® and Manohar’ to the boundary-layer equations.
Smith and colleagues®—*® have exploited and developed this
procedure even further, and have applied it to a variety of
problems. In this scheme, the derivatives in the direction
along the surface are usually replaced with finite difference re~
lations, and the partial differential equations reduce to
ordinary differential equations with two-point boundary
conditions. The ordinary differential equations are solved
as an initial-value problem which requires an iteration pro-
cedure to satisfy the boundary conditions at the outer edge.
The difference-differential approach has been used by Zamu-
rayevit and Le Maréchal and Ronat,’® but these authors
linearize the ordinary differential equations and obtain the
solution in an iterative manner with a finite difference method.
Steiger and Sepril® have investigated the solution of the
boundary layer with the difference-differential procedure
where the normal derivatives are replaced by finite difference
relations. This results in a system of first-order ordinary dif-
ferential equations of the initial-value type, and these equa-
tions are of the “stiff’”’ type also. This approach has been
developed further by Lubard and Schetz.?”

The method of integral relations is a special case of the
method of weighted residuals, as has been discussed by Fin-
layson and Scriven.®® This method is due to Dorodnitsyn?®
and has been employed in a number of Russian papers.1®—22
The procedure has also been employed by Pallone and col-
leagues,?*2* and investigated further by Bethel.®:%* This
technique reduces the partial differential equations to a sys-
tem of ordinary differential equations of the initial-value type.

Recently Kendall and Bartlett¥ have used the integral
method to replace the normal derivatives, while the dif-
ferential-difference procedure of replacing the tangential de-
rivatives has also been employed. The partial differential
equations are thus reduced to a system of nonlinear algebraic
equations which must be solved at each step along the body.

After the early finite difference techniques,? 3% which have
been reviewed in Ref. 2, the emphasis was on the solution of
the boundary-layer equations in the Crocco form, as exempli-
fied by Refs. 37-41. The approach was partially used by
Eichelbrenner; the procedure was developed further, and pre-
liminary examples were computed by Fligge-Lotz using a
desk calculator. This work was extended by Baxter and
Fligge-Lotz, and a digital computer was utilized for the
finite difference solution. In this work, an explicit finite dif-
ference scheme was employed in which the step size along the
wall is restricted by stability considerations. In order to
avoid the stability restrictions required in explicit schemes,
Kramer and Lieberstein’? employed an implicit scheme with
the Crocco form of the equations.t

Another difference scheme that has been used by Raetz*?
for solving the three-dimensional boundary-layer equations is
that of Dufort-Frankel. This scheme is stable, but care must
be taken to insure that the truncation error is sufficiently
small. In differencing the partial differential equation, a
term has been added to the equations, and this term will only
be small if the appropriate ratio of the step sizes is taken.

Besides employing various finite difference procedures, the
form of the boundary-layer equation can be changed. The
von Mises transformed boundary-layer equations have been
solved with an explicit finite difference scheme by Mitchell
and Thomson.#% The advantage of this form of the bound-
ary-layer equations is that the continuity equation has been
eliminated. There is a singularity at the wall which intro-

1 The Crocco form of the equations is attractive because the
continuity equation has been eliminated and the independent
variable u/u., which is related to the thickness of the boundary
layer, goes from zero to one. If the velocity within the boundary
layer exceeds the edge velocity, the Crocco form of the equations
is difficult to apply.
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duces difficulties, but these have been overcome in the papers
by Mitchell and Thomson.

The solution of the boundary-layer equations in untrans-
formed or physical coordinates appears to be the next develop-
ment in the numerical schemes. In the paper by Fligge-
Lotz and Yu,* an explicit finite difference procedure was ap-
plied to the compressible equations. This proved rather un-
successful, as the stability requirements are very stringent
and the replacement of the continuity equation caused many
problems. In the paper by Wu,¥ the treatment of the con-
tinuity was such that more stable solutions were obtained with
an explicit difference scheme. Also, by transforming the com-
pressible equations into incompressible form, with the Ho-
warth-Dorodnitsyn relation, the stability requirements are
not as restrictive when a constant step size across the bound-
ary layer is used and when the step size is the same for both
coordinate systems. For these conditions, the physical dis-
tance for the first grid point away from the wall is much larger
in the Howarth-Dorodnitsyn variables. In Russia, Chudov
and Brailovskaya®.49 also studied the solution of the bound-
ary-layer equations in physical coordinates; however, an im-
plicit six-point finite difference scheme was used. The
governing equations are replaced with finite differences such
that the coupling between equations is initially neglected.
Then an iteration process is employed to obtain the desired
accuracy of the dependent variables with coupling and non-
linear effects included. This type of procedure has been de-
veloped into a standard program for equations of the bound-
ary-layer type by Paskonov.® In this program a procedure
is described which allows the step size across the boundary
layer to vary. At about the same time, in the United States a
similar implicit technique was developed independently for
the boundary-layer equations in physical coordinates by
Fliagge-Lotz and Blottner.®® The main difference between
this work and that of Chudov and Brailovskaya is that cou-
pling between the equations is allowed. This resultsin a tri-
diagonal matrix with matrix elements, which is somewhat
more complicated to solve than the uncoupled equations.
The boundary-layer equations transformed with the Howarth-
Dorodnitsyn relations was also investigated by Flugge-Lotz
and Blottner, and both a four-point and a six-point (Crank-
Nicolson) difference scheme were considered. For hyper-
sonic boundary-layer flows, the transformed equations with
the six-point implicit scheme is the better procedure.

One of the problems with all the previous methods is the
starting of the solution of the equations. Initial profiles of
the dependent variables are required across the boundary
layer at some point, and the solution then proceeds down-
stream. For sharp bodies one would want to start the solu-
tion at the tip, whereas for a blunt body the solution should
start at the stagnation point. At the tip of a sharp body, the
boundary thickness goes to zero and the finite difference
scheme is inappropriate in the physical coordinates.f If the
boundary-layer equations are transformed into similarity
variables (relations developed by Mangler, Goértler, Howarth-
Dorodnitsyn, Levy, and Lees), then in the transformed plane
the boundary layer is nearly of uniform thickness for many
flow situations. Also the partial differential equations re-
duce to ordinary differential equations at the tip of a body or
at a stagna ion paint. The solution of these ordinary dif-
ferential equations provides initial conditions for a finite dif-
ference solution which can start at the beginning of the body.
This type of procedure was applied to a binary gas mixture
with finite chemical reaction rate by Blottner.”> The trans-
formed boundary-layer equations were replaced with an im-
plicit six-point finite difference scheme, and coupling between

1 The boundary-layer equations at the tip of a body are also
physically inappropriate, as continuum theory is not valid; and
when it is, more complete equations are required. However,
from a mathematical point of view, one can still consider the
boundary-layer solution.
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the equations was included. This procedure was extended to
the air boundary layer with seven chemical species and finite
reaction rates by Blottner.”® The chemically reacting bound-
ary layer has been solved with an explicit finite difference
scheme by Galowin and Gould.** The boundary-layer equa-
tions are transformed into von Mises coordinates before the
derivatives are replaced with difference quotients. In this
study for flow on blunt bodies, the swallowing of the inviscid
flow by the boundary layer is taken into account.

The application of the finite difference technique to second-
order boundary-layer theory has been made by Davis and
Fliigge-Lotz*® and Fannelop and Fliigge-Lotz® for axisym-
metric and two-dimensional bodies, respectively. An im-
plicit finite difference technique similar to that developed by
Fligge-Lotz and Blottner® was employed. In linearizing the
finite difference equation, certain terms are evaluated at the
known grid point rather than at the point halfway between
the known and the unknown points. For stagnation-point
flows, Davis and Fligge-Lotz found it advantageous to use
linear extrapolation to approximate the unknown quantities
at the halfway point. This procedure requires that two pro-
files of the dependent variable be known.

In a paper by Fussell and Hellums,® an implicit finite
difference procedure is applied to the similarity form of the
boundary-layer equation. The momentum equation has a
third-order derivative and results in a pentadiagonal matrix,
while the energy equation becomes & tridiagonal matrix.
The procedure recommended in this paper is to use a 10-point
symmetric implicit finite difference scheme, with the equations
replaced initially by a linear difference equation. An itera-
tion procedure is used until the nonlinear difference equations
corresponding to the grid points employed have been
solved.

An explicit finite difference scheme has been used by Klein-
stein® to solve the boundary-layer equations in von Mises
variables. This work is for a compressible perfect gas, and
the approach is similar to that of Mitchell and Thomson*t and
Galowin and Gould,* where an incompressible gas and a
reacting gas are employed, respectively. Later a revision of
this work was reported by Kleinstein,*® and a description and
operation instructions for the program were given by
Nabi.c

For boundary-layer programs at General Applied Science
Laboratories, Lane®! initially recommended that an explicit
finite difference technique be used. Later Lane, Lieberman,
and Fox® used an implicit finite difference scheme to solve the
compressible boundary-layer equations in physical coordi-
nates. The momentum and energy equations are uncoupled,
and iterations are performed until a solution of the nonlinear
coupled equations is obtained. This method is that of
Brailovskaya and Chudov.%.4° Lieberman, Lane, and Fox®%
have also investigated boundary-layer flow of air in chemical
equilibrium and with finite rate chemistry. In this work an
implicit finite difference scheme is used near the initial station
to start the solution, and then reverts to an explicit scheme
downstream.

The numerical solution of reacting boundary layers has also
been investigated by Gruenich and Pindroh.®* The dif-
ference-differential method of Smith?~'% is used for the mo-
mentum and energy equations, whereas an implicit scheme is
used for the species equations. In this method an iteration
procedure is required to solve the momentum equation, and
two trial solutions are required for the energy equation.

In the implicit finite difference procedure developed by
Fliigge-Lotz and Blottner,” it was assumed that both the
normal and tangential velocity components and the tempera-
ture distribution are known from similarity solutions across
the boundary layer. In a recent paper by Ting,% the com-
patibility conditions for the velocity components have been
investigated further than in the original work of Prandtl.
The proper formulation is to specify the tangential velocity
component and then to determine the normal velocity com-
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ponent from the compatibility conditions. This approach
has been incorporated into the implicit finite difference scheme
originally developed by Fligge-Lotz and Blottner, and this
technique has been examined further by Krause.® The nor-
mal velocity component is obtained in an iterative manner by
requiring that the continuity, momentum, and energy equa-
tions are satisfied at each step. The finite difference pro-
cedure is the same as that of Fligge-Lotz and Blottner, ex-
cept the normal velocity component is assumed initially in
order to solve the momentum and energy equations. Then
the continuity equation is solved to obtain a better value of
the normal velocity component that is averaged with the
initially assumed value to obtain a new estimate of the normal
velocity component. This type of procedure is repeated until
convergence is obtained.

To avoid third-order derivatives in the governing equations,
when the boundary-layer equations are transformed into
similarity form, a transformed normal velocity is introduced
by Blottner’? and the continuity equation is retained. Fan-
nelop® has applied the same type of transformation but has
introduced the stream function such that the continuity equa-
tion is satisfied. However, in introducing the stream func-
tion, the momentum equation is still written as a second-order
equation. The new partial differential equation for momen-
tum involves f and 3f/d¢. The value of f can be readily ob-
tained from an integration once the value of the tangential
velocity component across the boundary layer is known. The
values of f and Of/0¢ are required for the solution of the
momentum equation, and the solution of this equation gives
the tangential velocity component. The values of the quan-
tities f and Of /¢ for the difference equation are evaluated by
employing a linear extrapolation of the values of these
quantities at two previous profiles.

A multicomponent reacting gas with thermal diffusion ef-
fects included has been investigated by Moore,® where the
implicit finite difference scheme was provided by Farring-
ton.?? The similarity coordinates are used with a stretching
of the normal coordinate near the surface. A Crank-Nicolson
implicit finite differcnce scheme is used with the equations un-
coupled. The final solution is obtained after an iteration
procedure is performed that corrects the linearized terms and
approximations made to uncouple the governing equations.
In this work it was observed that stability problems occurred
for the Crank-Nicolson scheme with boundary condition in-
volving derivatives. This problem was eliminated by using
a four-point implicit scheme at the first grid point away from
the wall.

An implicit finite difference scheme of the boundary-layer
equations in nearly the Crocco form has been studied by
Schénauer.” Rather than using the shearing stress as a de-
pendent variable, a quantity proportional to the square of the
velocity gradient is used. The independent variable for the
coordinate normal to the surface is the tangential velocity that
is nondimensionalized with the velocity at the edge of the
boundary layer, and the independent variable therefore varies
from 0 to 1.

A method has been given by Schennikov™ for constructing
finite difference schemes for the boundary layer on the basis
of the laws of conservation. The governing equations are
written as the divergence of a vector quantity, and its com-
ponents depend upon the equation being considered. Then
the Gauss theorem is employed to express the divergence of
the vector as two integrals. The integrals are then expanded
with the trapezoidal formula and normal derivatives are re-
placed with central differences. The result of these opera-
tions is a system of nonlinear finite difference equations with
coupling between the equations involving the dependent
variables.

. An implicit finite difference has been developed by Patankar
and Spalding™ for solving boundary-layer equations. The
governing equations are transformed with a von Mises-type
coordinate system, where the stream function is an inde-
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pendent variable across the layer. A nondimensional stream
function is defined such that it varies from 0 to 1 from the wall
to the outer edge. A parameter in the nondimensional stream
function is determined as the calculation proceeds such that
the grid adjusts its width so as to conform to the thickness of
thelayer. The finite difference scheme 1is the Crank-Nicolson
implicit scheme, except the convection terms are based on an
integrated average over a small control volume. This results
in the streamwise derivative being approximated as a weighted
average of the derivatives at the point of interest and those on
“both sides of this point. This method of differencing the
equations is similar to that used by Shehennikov.™

The boundary-layer flow on a rotating cone has been ob-
tained with a finite difference method by Koh and Price.™
The governing equations are transformed with similarity-type
variables, and the stream funetion is introduced in the man-
ner employed by Fannelop® as previously described. An
implieit finite difference scheme of the Crank-Nicolson type is
employed, and linear difference equalions are written such
that the coupling between equations is neglected initially.
The linear difference equations are solved in an iterative
manner which gives the solution of the coupled nonlinear
difference equations.

The finite difference procedure has also been employed for
the Rayleigh problem and a flat-plate boundary-layer flow,
with radiation effects included by Solan and Cohen™ and
Sibulkin and Dispaux,™ respectively. The boundary-layer
equations are transformed with the von Mises transformation
initially, and then new independent variables are introduced
which transform the equations to the similarity-type form.
In the absence of radiation or at the leading edge of the flat
plate, the governing equations become ordinary differential
equations, or similarity solutions are obtained. The partial
differential equations are solved with a Crank-Nicolson six-
point finite difference scheme. The resulting difference
equations are nonlinear algebraic equations and are solved by
an iteration scheme given by Douglas.”® A finite difference
method proposed by Douglas™ was also investigated for the
Rayleigh problem, but stability restriction required a rela-
tively small step along the body. In this method nine points
at three time levels are employed and the resulting difference
equations are linear and are readily solved.

The boundary-layer equations for real equilibrium gases
have been solved with an implicit finite difference method by
Levine.” This method is that employed by Blottner,?
where the difference equations are coupled.

A transformation that maps the infinite region of the bound-
ary-layer flow into a finite interval has been used by Sills.™
The transformed governing equations are then solved with an
implicit finite difference scheme similar to that employed by
Paskonov.®

In this paper a technique for solving the boundary-layer
equations for a multicomponent flow with finite chemical re-
actions is presented. This procedure has evolved over a
number of years, and an earlier version was reported in Ref.
79. The motivation for the present finite difference scheme
is the desire for a method for solving the governing equations
where there are many chemical species in the flow (for
example, 25). The technique is described in the following
sections, and typical results are presented for the boundary-
layer flow on a sharp cone and hyperboloid§ at re-entry con-
ditions,

II. Governing Equations

The general equations for a multicomponent nonequilibrium
gas are given in Ref. 80, and the resulting equations for the
boundary layer have been given in Ref. 53. The boundary-

§ The employment of this problem and body geometry was
requested of participants in the AGARD Seminar.
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layer equations are transformed into similarity form in order
to obtain them in a form more appropriate for numerieal
solution. The new independent variables are

f@) = ﬁ)x (o) udrs? dz (12)
n(@y) = %2 fo * pdy (1b)

and the derivatives become

0/0x = (pp)uas2i0/0f + (dn/0x)(d/0n) (2a)
0/0y = [pucrsi/(2£)1/2](0/0n) (2b)

When the new dependent variables
V = [28/(pw)sus ][ On/0x + pvrei/(25)12]  (3a)
= u/u, (3b)
= T/T. (3¢)
are introduced and the transformations are applied, the
boundary-layer equations become the following in the trans-

formed plane:
Continuity equation:

2£(of’/08) + oV/on + f' =0 (4a)
Momentum equation:
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Energy equation:
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oo % %Al . du/ds
= w.(dt/dz) T, dg’ T P e

u?/C e, B = (28/u)(du./df) = e(du./dz)
I = dl/on, a's = ddi/On, b's = db;/On, by’ = dbi/on

The preceding equations differ from those given in Ref.
53 by the quantity ¢ which has been set equal to —1 in that
Ref. TFor the classical boundary-layer approach, the inviseid
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flow body streamline results are used as the conditions at the
edge of the boundary layer. For this case, ¢ = —1. For the
more general case where swallowing of the inviscid flow into
the boundary layer is taken into account, the value of & must
be determined from the expression given previously.

In the aforementioned relations, the mass flux relative to
the mass-average velocity, ji, has been used and was written
as

. » NI bck L/L'T OT
P = — 5 by —— — 5
J Pr{gl k0y+T oy %)
where
{Lei 1=k
b = - .
Aby © #k
N o NI .
Le; = - a
];1 M; ng M;Li;
771 J#=1
- M. M\ M
A"y = Le; — l:jf L + <1 - Mk) 121 Li;fcj:l

If the Lewis-Semenov numbers, £;, are constant for all the
species or if a trace species is being considered, the term
Apir 1s zero. In Eq. (5), the pressure diffusion term is ne-
glected due to the boundary-layer assumption, and the forced
diffusion term is assumed zero.

The equation of state is also required and is written as

o= o/rr s (5)] - v ©

i=1

where it is assumed the gas consists of a mixture of chemically
reacting perfect gases with the pressure change across the
boundary layer neglected.

The chemical mass rate of production of species ¢ per unit
volume, w;, is obtained from the Law of Mass Action, and the
desired form is given in Ref. 53. The gas model for air and
the chemical kinetics employed are the same as described in
Ref. 81. Also the thermodynamic and transport properties
of the individual species and the mixture are required. These
properties are obtained from the same relations and informa-
tion as was employed in Ref. 81. The multicomponent
Lewis-Semenov numbers were obtained from relations given
in Ref. 82, which are written as

Lij = Fij - (lwl/x"fj)pn (7)

The quantities F;; are coefficients in a matrix which is the
inverse of the matrix with the following coefficients:

PO Y S T (Sa)
Y L4 ’ l§1 ML J
122
Fi; =0, 1 =7 (8b)

The binary Lewis-Semenov numbers are obtained using the
definition and binary diffusion coefficients, which are expressed
as

Dy = (Di;/P) 1.0764 X 103

where p = pressure in atmospheres, and

(ft2/sec) 9)

Di; = T TEHE (em? atm/sec)

The preceding expression for D;; was used to curve-fit tabu-~
lated binary diffusion coefficients given by Yos.®* A revised
table of values was used for the NO—NO™ interaction as
given in a later paper by Yos.8¢ The collision cross sections
for the atomic and molecular interactions in these results
were obtained from calculations of Mason et al.%% Some
of the interaction cross sections were calculated as averages
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Table 1 Diffusion curve fit constants

Interaction A B C

N—O —0.0043383 1.9119177 —11.891342
N—N. 0.0191055 1.4904448 —10.358828
N—O. 0.0191055 1.4904448 —10.358828
N—NO 0.0191055 1.4904448 —10.358828
0—O0. 0.0216586 1.3875747 — 9.7389971
O—N, 0.0168907 1.5276702 —10.629306
No—O- 0.0435927 0.9784219 — 8.3354916
0O—NO 0.0183441 1.4750189 —10.265935
0,—NO 0.0410864 1.0124720 — 8.4455480
N,—NO 0.0315955 1.2225368 — 9.4862934
O—NO+ 0.0003467 1.8941393 —12.978394
N—NO* 0.0003467 1.8941393 —12.978394
0,—NO+ 0.0003467 1.8941393 —12.978394
N,—NO+ 0.0003467 1.8941393 —12.978394
NO—NO+ 0.0039930 1.5689336 —11.441502

of the other interaction cross sections, whereas the cross sec-
tions for the interactions N—OQO, and N—NO were assumed
the same as N—N,. Also the interaction cross sections for
NO* with a neutral species have been taken the same as the
N—O+* and O—N+ cross sections. The curve-fit coefficients
for the various binary diffusion coefficients are given in
Table 1.

The conditions at the surface and outer edge of the bound-
ary layer determine the necessary boundary conditions for
the foregoing equations. At the wall, it is assumed that the
tangential veloecity is zero and the surface temperature is

specified, and these conditions are expressed as
u(z, 0) = 0; T(x, 0) = Tyx) (10a, b)

In addition, the boundary condition on the mass flux of a
species ¢ at the surface, (pw:)s, is

(pwi)o = s = (copv)s + (F)» (T =1,2,...,NI) (10c)

“ The mass flux of a species at the surface depends on the sur-

face material and what phenomena oceur at the gas-surface
interface. The surface conditions employed are given with
the numerical examples presented.

The total mass flux at the surface can be determined from

NI
pr = Zl (mi)b (11)
i=
and this is the boundary condition employed with the con-
tinuity equation.

The flow at the edge of the boundary layer is determined
from the inviscid nonequilibrium flow around the body. The
boundary conditions at the outer edge of the boundary layer
are

u—>u; T'—=>T ci—>cy, =12 ...,NI) (12

where w., T., and the ¢;,’s are obtained from the inviscid flow.
The technique for matching the inviseid low with the bound-
ary layer is discussed where the numerical results are pre-
sented.

III. Finite Difference Procedure

The problem of multicomponent chemically reacting bound-
ary layers for pure air, or as many as 11 chemical species, has
been solved with a finite difference procedure by Blottner.®
When the partial differential equations are replaced with the
finite difference equations, the resulting difference equations
are coupled, as more than one of the unknown independent
variables appear in each equation. Hence, the equations
must be solved simultaneously. Since these equations are of
a special form, the procedure requires the inversion of 12 X
12 matrices (number of species plus one), where there will be
as many of these matrices as points across the boundary layer
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Fig.1 Computation time for various numbers of chemical
species (binary diffusion).

(50 in this program). All the coefficients of the matrices must
be saved (stored in the computer memory), which requires
7200 storage locations. The storage requirements for these
matrices increases rapidly when the number of species is
increased. This program, with 11 chemical species and 20
reactions, requires nearly the full capacity of the IBM 7094
computer with 32K memory. The computation time for this
method increases rapidly when the number of species becomes
large. At best, one would expect the computation time to
vary nearly directly with the number of species. For matrix
inversions, the computation time is proportional to the
number of rows or columns of the matrix cubed. Since many
matrix inversions are performed, the computation time must
be proportional to the number of species to a power greater
than one and less than three. The actual time required per
step for the present implicit procedure is shown in Fig. 1.
Due to the rapid increase in computation time and storage
requirements, the implicit procedure does not seem appro-
priate when one is interested in boundary-layer flows with
ablation contaminants where there can be a large number of
chemical species.

The question might be asked, why not use an explicit pro-
cedure where the computation time is nearly proportional to
the number of species and the storage requirements are prob-
ably a minimum? For boundary-layer computations, the
explicit method has not proved very successful, as stability
requirements demand that the step size be exceedingly small,
which will result in an excessive over-all computation time.
In addition, there are problems in starting the solution at the
tip or stagnation point of the body.

A method is described below which has the desirable sta-
bility characteristics of the implicit procedure (large step
size), with the computing time being nearly proportional to
the number of species, as in the explicit scheme. The pro-
cedure is similar to the implicit procedure of the Crank-
Nicolson type which has been employed previously, except
the difference equations are written such that only one de-
pendent variable appears in each equation. Therefore, the
resulting implicit difference equations are solved for each de-
pendent variable separately.’

Another variation of this procedure has also been investi-
gated and is a ‘“‘predictor-corrector’” procedure similar to the

T In Russia, this idea of solving the equations individually has
also been developed.t
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method employed by Douglas and Jones.®” With this method,
the variables are predicted at a half-step forward, and then
these quantities are used to give the value of the varlables a
complete step ahead. The truncation error for such a pro-
cedure is of the order of the step size (Az)2%. The procedure
described below consists of only the corrector part of the pre-
ceding method, with variables required at the half step evalu-
ated at the known step, and has a truncation error of the
order of the step size. Although the present method (cor-
rector only) is less accurate for the same step size as the pre-
dictor-corrector procedure, the predictor-corrector method
requires approximately twice the amount of computer time
as the present method. When the step size of the present
method is reduced to one-half of the predictor-corrector
step size, the computation time of the two methods is nearly
the same and the accuracy appears to be about the same.
Hence, the two methods appear almost equivalent as far as
computer time requlred but the present method is easier to
program and requires less storage.

The boundary-layer equations, with the exception of the
continuity equation, are of the following form:

QW /072 + cr(OW/dn) + oW + a3 -+ a2E8QW/3E) =0

’ (13)
where W represents any of the dependent variables. The
coeflicients in the preceding equation are obtained after the

boundary-layer equations (4) have been linearized, with the
following relations:

"= /f'mn) (2 = f/f m.n) (14a)

(¥ W (WY
fl VV (f’ >M,n + f’m," <fl )m,n flm,n (14b)

NI Wy NI _ a w;
[ Z hZ <7-> = Z [VVZA}L; - 80}L 00 < >]m,n +
NI . .
0T, [ﬂcli 4o 2 <7“Z>] (14¢)

T. 06
wi/p = WL — Wik, (14d)

In the preceding relations, the quantities without subseripts
are evaluated in the neighborhood of the point (m,n). The
coefficients in Eq. (13) become

Momentum equation:

a' = —(V =1)/1 (15a)
o = =281/l — F/f (15b)
at = —(B/DI—(f)* + M.0/cM] + F (15¢)
= —f/1 (15d)
where
F-E‘ﬁ+ 2{7’ l:(f,)2 1V[0:|=2_£lf_'%];_’
Energy equation:
a? = [¢ =&V +d4+ b)l/e (15e)

a? = {C_pf' ( i‘g — '> —

Elmee g (3)])f oo

—7—1; Z [W;Ah;p — Beh; Sa“g <u:)]}/é (15g)
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32 = —f'e,/C (15h)
Species equation (7 = 3,4, ..., NI + 2):
ayt = —(V — b')/b; (151)
= —eWl/b; (15)
i = (WL -+ b")/b; (15k)
ot = —f/b; (151)

The boundary layer is divided with a grid of size Ay and Ag
with £ = m-Afand n = n-An. It is assumed that f*, 6, and
the ¢/s are known at the grid points in the mth column and
unknown in the (m + 1)th column. In the present implicit
scheme, the derivatives are replaced with linear difference
quotients, and the partial differential equations are evaluated
at (m + %, n). However, the equations are written with a
parameter © which will give the various finite difference
schemes as indicated below :

0 Explicit
O = <% Crank-Nicolson (present scheme)
1 Implicit

With the function W(&n) representing the dependent vari-
ables, the difference quotients are written as

OW /0t = Wagan — Wan)/AE (16a)
OW wgr,npr — Wangr,n) +
A =)W1 — Waa)l/(24An)  (16b)
oW /on? = [O(Woi1,a11 — 2Waiin + Wogan) +
(1 = O Wanps — 2Won + Waw)/An2 (160)

W /oy =

W = eI/Vm-}—Ln + (1 - e)Wm,n (16d)
W-Z=(Q1~200WnnZnn+ OWanaZntin+ ZmoWats,n)
(16¢)

When these difference quotients and expressions are used
with the partial differential equations (13), the finite differ-
ence equations become the simultaneous (involving only one
dependent variable across the boundary layer) linear alge-
braie equations

Ao Wepimpr + BatWipgin + Co' Wiy na = Dat (17)

where
n=23 ..,N—1
1=1 Momentum equation Wt =f
1 =2 Energy equation w2 =0
1=3 First species equation W3 =g¢
1=4 Second species equation W4 = ¢
1= NI -+1 NI — 1species equation W¥H = ¢y,
The coeflicients in the preceding equations with L,7 = 0(a@; =
= 0) are
= OP(1 + Anayi/2) (18a)
B, =8 4+ OP(—2 + axiAy?) (18b)
C.: = OP(1 — Anai/2) (18¢)

Dyt = —(1 — O)P[(1 + Anou’/2) W a1 +
(=2 + iAW + (1'— Anas?/2)Wa,na] +
SWn — PAn2ag  (18d)
where

P = Af/(2tAn2as?); 6 =1
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In the preceding coefficients, the a?’s are determined from:
relations ‘(15), where all quantities are evaluated at the mth
column of grid points across the boundary layer. The inde-
pendent variable £ is evaluated at (m) for the explicit, (m -+
2) for the Crank-Nicolson, and (m -+ 1) for the implicit
schemes. In the relation (15g) it was found necessary to ex-
press the following derivative in the energy equation as:

@f"/om?* = (f'mnt1 — S'mne) (f mgtmpr — f’m+1,n_1)/4A'r)2

It should be noted that the momentum equation is solved
before the energy equation in order that the values of f/ at
the (m + 1)th column are available for the preceding ex-
pression.

From truncation-error considerations, the mass fraction in
relation (14d) would be evaluated as shown; however, such a
form can encounter stability problems. Although stability is
usually considered to be practically unaffected by lower-order
terms, as discussed by Richtmyer,® in actual computations
with finite step size, these terms can control the stability.
As considered by Richtmyer, stability is concerned with what
happens in the limit as the mesh sizes approach zero. There-
fore, such stability analyses cannot be completely satisfactory
when finite mesh sizes are employed. If W,° and W,! were
constants, then it appears that stable solutions are obtained
without any restrictions on the step sizes. However, W2 and
Wt are not constant, and stability problems can occur if the
step size becomes too large, but the formulation below appears
to minimize unstable solutions. The convergence of the sys-
tem of difference equations to the differential equations has
not been investigated. However, Douglas™ states that an
implieit or Crank-Nicolson difference scheme is convergent
for an equation of the type (13).

In relation (14d) the mass fraction is evaluated at (m -+ 1)
for all difference schemes and the evaluation of relation (15))
must be changed. For the species equation, the value of s
becomes

i = {—eW,-l/(Gbi) in B,*
2T 0 in Dyt

At a stagnation point or at the tip of a sharp body, £ = 0
and the partial differential equations (13) become ordinary
differential equations and provide initial profiles to start the
solution along the body. The ordinary differential equations
can be solved with the same finite difference procedure em-
ployed for the partial differential equations. The coefficients
in Eq. (18) for the ordinary differential equations are the
same except the following quantities become 6 = P = 1;
§=0and ¥ = 0.

To complete the system of Eqs. (17), the boundary condi-
tions are written in the following form:

LVim+1,1 = ]{iﬂ/im.i_l,g + F‘.Wim_;_l,g + ]’L’ (193,)
Wiy = g¢ (19b)

The boundary conditions for the momentum and energy
equations [conditions (10a, 10b, 12a, and 12b)] are readily
written in the previously described form. The mass flux of -
species ¢ at the wall is expressed as

my = P; + Qz‘(ci)b = C;pv —+ ji (20)
The relative mass flux with L,7 = 0 is written as
ji = —(1/W){Leidei/On) + Abi} (21)
where
=  Pr2p)Y N (m)
W Ab;
= W 20T 2 205y ),

Ic#t
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The derivative in the preceding expression is written as

o _ 1.
oy 2Ay

(=3¢, + 4ca — Ca)mpn (22)

The relations (20-22) can now be employed to determine the
wall boundary condition coeflicients H¢, Fi, and h*. The re-
maining boundary condition coefficients for the momentum
and energy equation are given below, whereas the edge condi-
tion for the species equations comes from relation (12¢);

Momentum:

H! = 0:

; Fl=0; hl=0; ¢gt=1 (23a)
Energy:
H*=0; F2=0; B="T/T.; ¢g¢=1 (23b)
Species for¢ = 1,2, ..., NI:
Hitt = 4/D;; Fitt = —1/D;
B (23¢)
hit? = [2An/(Le), J(PW 4 Ab)/D:; ¢t = ¢,

where
D; = 3 + [24n/(Le)s I [(pv)s — Qi]

N{ NI
(pv)y = 21 My = Z:l (Pi + Quci)

The quantities in these relations are evaluated at the mth
step where they can be determined without an iteration pro-
cess. The values of P; and @, depend on the boundary condi-
tions at the wall and are determined by the mass flux 7, of
the species, as was discussed in an earlier section. The total
mass flux is determined from the sum of the individual species
mass flux.

The difference equation (17) and the boundary conditions
(19) form a system of linear algebraic equations of the tri-
diagonal type. These are readily solved with the technique
discussed by Richtmyer.®® Since the equations are uncoupled,
a choice of the order for solving the dependent variables must
be made. Experience has shown that this order is important.
The tangential and normal velocity are solved for first, and
the species must be solved for before the temperature. The
continuity equation is then used to obtain V,, 1/2,, with the
finite difference representation

; 1
Vm+1/2,n = ‘Vm+1/2,n—1 - AT] <-AE_£ + —4‘>(f'm+1.n -+
1
Fosinss) + An (Ki; - Z)(f'm,n ) (24)

In the preceding finite difference procedure, certain quantities
should be evaluated at (m -+ %), but have used the known
values at (m). An iteration could be employed such that
the values at (m 4 %) would be used when convergence is
obtained. However, the present calculations have shown
that this is not necessary.

In solving the boundary-layer equations, the finite differ-
ence procedure is applied in the transformed £, 5 coordinate
system. The results must be related back to the physical
z, y coordinate system. Also the edge conditions are given
as a function of z and are required for the finite difference
solution as a function of £ The procedure of specifying
Ax(Zmi1 = Twm + Az) and then finding A£ hasbeen employed.
The transformed coordinate £ is related to & by the ordinary
differential equation [see Eq. (1a)]

dg/dx = (pp)ui? (25)

The conditions at the edge of the boundary layer as a func-
tion of z and the body radius 7, are required to solve the fore-
going equation. For a sharp or blunt conical body, the body
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radius is an algebraic expression whereas, for a hyperboloid,
an ordinary differential equation must be solved to obtain s
as a function of a.

For the value of £ as a function of z, the ordinary differential
Eq. (25) has to be solved numerically for most body shapes.
When the Runge-Kutta method is applied to this equation,
the following is obtained:

fnpr = En + Af
where
Af = LAZ[NMza) + dN(@y + 3AZ) + Mew + Az)]
M) = [(ow) uers)oec
The value of £ at (m 4+ %) can be obtained from
Enprrr = En + FAE

The conditions at the edge of the boundary layer, u,, T,
p., and ¢;,’s (air species only), are required as a function of z.
A table of these edge properties as a function of z is employed,
with Lagrange interpolation used to obtain the edge condi-
tions and the derivatives of the edge conditions for any value
of z.

IV. Discussion of Numerical Results

The present technique for solving the boundary-layer
equations has been used to obtain the flow on a sharp cone
and a hyperboloid. These examples are used as test cases
to illustrate the present implicit finite difference scheme when
applied to an air gas model with finite reaction rates. The
first case is a sharp cone at 150-kft altitude, 22-kfps velocity,
and a wall temperature of 1000°K with the gas undissociated
at the surface. This problem has been investigated by the
authors previously and also by Galowin and Gould,?* Gruenich
and Pindroh,* and Moore.® Although sharp-cone results
have been presented in Ref. 24, Moore has shown that these
results differ significantly from finite difference solutions.
He attributed these differences to the inaccuracies associated
with the use of polynomials in Ref. 24.

The present results for the peak electron density are given
in Fig. 2 and are compared to the results of other authors.
The present results employ 28 points across the boundary
layer and an initial value of Az, = 0.001, and the step size
increases according to the relation Az = Azy 2m — 1),
where m = 1,2, 3, ..., M as each step is taken. A total of
122 steps are taken to obtain the solution to 14.884 ft. The
present method has been employed with all the binary Lewis-
Semenov numbers equal to 1.4 and with complete multi-
component diffusion included. The multicomponent diffu-
sion results are slightly higher than the binary diffusion re-
sults, but the difference would not be distinguishable if both
were plotted in Fig. 2. When the present method employs
the reaction rates of Ref. 53, the peak electron density is close
to the value given in Ref. 53. The difference between the
various results is mainly due to reaction rates, transport prop-
erties, and thermodynamic properties. When Moore® used
the rates of Ref. 53, his prediction of the peak electron density
was in close agreement with Ref. 53. The difference from
the present results can be attributed to the reaction rates
used. The results of Gruenich and Pindroh® employ the
same reaction rates as those of Ref. 53, but Sutherland’s
viscosity law is used and electronic excitation is ignored in the
thermodynamic properties. The results of Galowin and
Gould?* are different because of the reaction rates and trans-
port properties that are employed.

The boundary-layer flow on a hyperboloid has been in-
vestigated at conditions corresponding to an altitude of 100
kft and a velocity of 20 kfps, with a wall temperature of
1000°K.** This case is a way to verify if a numerical tech-

** This is case A, requested for the AGARD seminar.
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Table 2 Properties at edge of boundary layer
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2,0041E-02
2.2564E-02
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3,375%€E-02
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T.8614E-02
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1.2772E+04
1,2751E£+04
1.2726E+04
1.,2691E+04
1.2659E+04
1,2575E+04
1,2456E+04
1,2305€+04
1,2218€E+04
1.2089€+04
1,1922E+04
1.1779€+04
1,1623E+04
1,1330g+04
1,1059E+04
1,0945€+04
1.0804E+04
1,0572E+04
1.0196E+04
9.7151E+03
9,1516E+03
8,6824E+03
8,1390E+03
7.,4937E+03
6.7917E+03
6,1493E+03
5.2555€+93
4,46335+03
3,7398€+03
3,0667E+03
2,6040E+03
2,2380E+03
1,8412€E+03
1.,6076E+03
1,4018£+403
1,2151€+03
1.0834E+03
1,0060E+03
9,2915E+02
8,5750+02
7.5662E+02
T7.03%94E+02
6,4673E+02
6,1818F+02
5,9492€E+02
5,6884F4+402
5,4825FE+02
5,2589€+02
5,0879E+02
4,9077E+02
4,8040E+02
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3,1854E+02
4,7781E+02
6,3709E+02
T,3727F+02
Y.7938E+02
1,2%16FE+03
1,5381E+03
1.6868E+03
1.8921E+03
2,1379€+03
243378E+03
2,5471E+03
2.9263E+03
3,1995F+03
3.2929E+03
3,4067FE+03
3.,5882E+03
3.,8714E+03
4,2168E+03
4,6055E+03
4,9202E+03
5,2780E+03
5,6975E£+03
6,1538F+93
5,95352+03
T.1665E4+403
TWT179E+03
8,2715E+03
8,8286E+03
9.2646E+03
9.,6338E+03
1,007%E+04
1,0363E+04
1,0637E+04
1.0909E+04
1.1116E+04
1,1247E+04
1,1384FE+04
1.1518E+04
1.1721E+04
1,1835E+04
1.1965E+04
1.2034E+04
1,2091€+04
1,2158E+04
1,2212E+04
1.2273€E+04
1.2321€+04
1,2374E+04
1,2414E+04

1.2603E+04
1,2597E+04
1.2590E+04
1,2589E+04
1.2589E+04
1,2578E+04
1.2562E+04
1.2541E+04
1.2529E+04
1.2510E+04
1,24B4E+04
1.2461E+04
1,2434E+04
1.2380E+04
1.2347E+04
1.2335€+04
1.2319€+04
1.2290E+04
1.2237E+04
1,2165E+04%
1.2075€+04
1.1994E+04
1.1895E+04
1.1770E+04
1,.613E+04
141440E¢04
1.1235E+04
1.0993E+04
1.0717€E+04
1,0409E+04
1,0141E+04
9,89%5E+03
9.5822E+03
G.3672E+03
9,1536E+03
8,9359E+03
8,7660E+03
8,6599E+03
8,5498E+03
8,4430E+03
8,2876E+03
8,2063E+03
8,1209E+03
8,0814E+03
8,0527E+03
8,0255E+03
8.0097E+03
8.0010E+03
8.,0037E+03
8,0198E+03
8,0445E+03

4,6176E=04
4,617T6E-04
4,6176E=04
4,6176E=04
4,6176E-04
4,6080E=04
4,5920E-04
4,5696E-04
4,5568E=04
4.5376E=04
4,5120E~04
4,4896E-04
4,4608E=-04
4,4064E=04
4,4128E-04
4,4128E~04
4,4032E-04
4,3808E~04
4,3328E-04
4 ,2656E-~04
4,1728E=-04
4,0864E=04
3,9808E-04
3,.8464E-04
3.6800E-04
3,5040E04
3,2640E-04
3.0131E~04
2.6544E=-04
2.3469E=04
1.9949E-04
1.7302E-064
1.,5184E=04
1.2410E=04
1,0685E=04
9.0080E=05
8.,0448E~05
7,4656E-05
6,8T68E=-05
6,3584E05
5,6736E=-05
5,3600E-05
5,0144E=~05
4,9376E-05
4,8T04E=05
4,9056E=-05
4,8256E~05
4,8800E=05
4,9888E-05
5,2352E=05
5.5136E=05

5,8273E~0)1 2.2608E=01
5,8273E=01 2,2608E~01
5,8273E~01 2,2608E~01
5,8273F=01 2,2608E~01
5,8273E=01 2,2608E-01
5,8301E=01 2,2608E~01
5.,8329E~01 2,2608E-01
5,8413E=-01 2,2624E=01
5,8441E=01 242624E~01
5,849TE~01 2.2624E=01
5,8553F=01 2,2624E~01
5,8637E=01 2,2640E~01
5.8694E=01 2,2640E~01
5,8862E-01 2,2632E-01
5,9002E=01 2,2656E-01
5,9058E=01 2.,2656E-01
5,9114E=01 2,2656E-01
5,9226E=01 2,2656E-01
5,9394E~01 2,2672E~01
5,9590E=01 2,2672E=01
5,9842€~0) 2,2688E-01
6,0066E~01 2,2704E-01
6,0346E~01 2,2736E-01
6,0683E=-01 2,2752E~01
6,1075E=-01 2,2784E=01
6,1551E=01 2,2816E=01
6,2055E-01 2.2864E-01
6,2644F-01 2,2896E-01
6,3260E~01 2,2976E~01
6,3876E-01 2,3008E=01
6,4409€~01 2,3072E~01
6,4829E-01 2,3120E-01
6,5333E~01 2,3200£~01
6,56T0E~01 2,3232E=01
6.6006E=0]1 2,3264E-01
6,6342E-01 2,3296E~01
6,6594E-01 2,3312E=-01
6,67626-01 2,3312E-01
6,6958E=~01 2,3328E~01
6,7126E=01 2,3344E=01
6,T435E=-01 2,3360E-01
6,7631E-01 2,3360E-01
6,7855E-01 2,3376E-01
6,7995E=-0) 243376E~01
6,8135E=-01 2,3376E-01
6,8275£-01 2,3376E-01
6,8415E-01 2,3376E-01
6,8611E=01 2,3376E-01
6,8751E-01 2,3376E-01
6,894TE~0]1 2,3376E~01
6,9143E=01 2,3376E-01

1.7538E-01
1,7538E=-01
1,7538E=01
1,7538E-01
1,7538E~01
1,7510E=01
1.7468E=01
1,7412E=-01
1.7370E-01
1,7314E=01
1.7244E-01
1,7188E=01
1.7118E=-01
1,6964E=01
1.,6824E~01
1,6782E-01
1,6712E~01
1,6613E-01
1,6459E=01
1,6263E=-01
1,6011E=-01
1.5815E=01
1.554%E~01
1.5241E-01
1,4862E-01
1,4428€=-01
1.3955€~-01
143417E-01
1,2857E=01
1,2282E-01
1,1821E~01
1,1436E-01
1,0964E-01
1.0652E-01
1,0353E=-01
1.0049€E=-01
9,8140E=02
9,6557E-02
9,4834E=02
9.3069F=02
9,0155E=-02
8,8362E~-02
8,6093E=~02
B44762E-02
843530E=-02
8,1975E~02
8,0560E~02
7.8767E=02
7.7142E=02
7+5069E=02
743192E=02

1.,4884E-02
1.4884E=02
144884E-02
1.4884E=02
1,4884E~02
1.4851€E~02
1.4803£-02
1,4740E-02
1.4704E=02
1.4644E=02
1,4566E~02
1,4497E=-02
1,4416E=02
1,4251E~02
1,42)15E=-02
1.,4200E~02
1,4167€E=02
144095E=-02
1.3948E=02
1,3732E-02
1,3453E~02
1,3198E-02
1.2879E-02
1,2486E=-02
1,1988E=02
1,1463E=02
1.0743E~02
1,0014E-02
B8,9574E=03
8,0541E-03
6n9979€'03
6,1907E~03
5,2244E=03
4,6302E-03
4,0511E«03
3.5109E-03
3,1238E-03
2,9057€-03
2.6860E-03
2.4847E-03
2,2143E=~03
2.,0880E-03
1.9892E-03
1,9169E~03
1,8860E=03
1,8641E~03
1.8623E-03
1,8809E=-03
1,9196E-03
2,0027E-03
2.0955E-03

6,2807E=04
6,2807E-04
6,2807E~04
6.,2807E~04
6,2807E=-04
6,259T7E~04
6,229TE=04
6,1876E=04
6,1636E-04
6,1246E-04
6,07T66E=04
6.0316E-04
5,9806E~04
5,8756E=04
5,8035E~04
5,TT65E~04
5.,7435E=04
5,6865F=04
5,5875E~04
5,4555FE=04
5,2904E-04
5.1494E=04
4,9783E=04
4,7593E=04
44,5222E=04
4,2101€E=04
3,9370E~04
3.,5710E-04
3,2169E=04
247721E~04
2.5468E=04
2,2923E-04
1,9916E=04
1.,8008E~=04
1,6222E=04
1,4515E=04
1,3258E=04
1,2498E~04
1.1736E=04
1,1016E=04
9,9927£=05
9,4645E-05
8,9094E=05
8,6393E~05
8,4322E~05
8,2192E~05
B, 0662E~05
7.9281E=05
T.8501E=0%
7+7991E=-05
7080515°05

nique will operate properly when the gas is near chemical
equilibrium. Also, the blunt body requires the solution from
a stagnation point downstream where edge conditions change
significantly The edge conditions were provided by Lewis, T
and are given in Table 2 as used in the computer program.
These conditions are obtained from the inviscid streamline
along the surface of the hyperboloid with finite rate
chemistry. The pressure along the streamline or body
surface is that obtained from modified Newtonian theory.
The conditions at the edge of the boundary layer are used as
the reference conditions; for example, as required in Eq.
(1a). When the body streamline is used, the classical
boundary-layer approach is being followed. For the case
of chemically reacting flows, there is considerable error in the
prediction of the chemical species at the edge of the boundary
layer far downstream on the body. The usual approach of
taking into account the swallowing of the inviscid flow is not
employed. As this case is intended to be a test example, the
introduction of swallowing introduces another variable that
can influence the results obtained by any method.

The surface boundary conditions employed in this study
are such that the wall is either noncatalytic or fully catalytic.
For the case of the noncatalytic wall, the terms m;, P, and
Q: in Eq. (20) are zero for all of the air species. A fully
catalytic recombination surface for air is defined as a wall
where every dissociated and ionized species that strikes the

11 These conditions were provided by C. H. Lewis in a private
communication to participants in the AGARD seminar.
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Fig. 3 Displacement thickness along hyperboloid.

surface is converted to a molecular species due to the hetero-
geneous reactions. For dissociated and ionized species, the
P /s are zero, whereas '

Q: = —p (RTW/2aM )V ¢ = O, N, NO, NO+
For the molecular species, the Q,’s are zero and

_ e M k = 0,N,NO,NO*
Pe=— ; 2 M, el 7 = 0y Ny

where ;i = amount of element j in species & ¢ = molecular
species of element ;.

The variation of the radius of the hyperboloid is required as
a function of the distance along the surface. This is obtained
by solving the ordinary differential equation

dry/dz = {1 4+ (rs/Rx)?/[1 + (r/By)? tan20]}~1/2

In the results presented, 28 points are employed across the
boundary layer, with n = 5.4 at the outer edge. The step
size along the body was increased as the computation pro-
ceeded. The step sizes employed were 0.01, 0.025, 0.05, 0.1,
0.25, 0.5, 1.0, and 2.0, where the numbers of steps taken of
-each were 10, 16, 16, 20, 12, 12, 14, and 12, respectively, for a
total of 106 steps. The time required per step along the body
is given in Fig. 1 for the case of binary diffusion. For the
case of air with multicomponent diffusion, the computation
is approximately twice as large. In Fig. 1, the times for the
IBM 7094 computer correspond to the computer program
employed in Refs. 53 and 79. The times for the CDC 3600
are for the computer program described in this paper.

The boundary-layer flow results for the hyperboloid test
case with a catalytic and noncatalytic wall are given in Figs.

L
0.01 0,1 1 10 100
X! RN

Fig. 4 Stanton number and skin friction along hyper-
: boloid.
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Fig. 5 Velocity and temperature across the boundary
layer at x/Ry = 50.

3-7. Not too much physical significance should be attached
to the results, since the swallowing of the inviscid flow has
been neglected. The displacement thickness,

8% _ Ye/RN U i
Ry fo <1 peu) ¢ (RN>

Stanton number,

oT NI
= - ]1 .i me H - H
St <k dy i§=1 ti] >b/P (Hy 5)
and the local skin-friction coefficient,

Cro = m(Qu/OY)/ (3P %)

are given in Figs. 3 and 4. The velocity, temperature, and
species distribution across the body layer at 50 nose radii
downstream for a catalytic and noncatalytic wall are given
in Figs. 5,6,and 7.

The effects of swallowing of the inviscid flow can be taken
into account in the boundary-layer program by changing the
edge tables (see Table 2). The appropriate edge conditions
which should be employed are not clear, but a solution of the
nonequilibrium inviseid flow is required with the interaction

0.3

0255

0.20 -

YIR
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Fig. 6 Mass fraction of chemical species across the
boundary layer at x/Ry = 50.
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Fig. 7 Mass fraction of chemical species across the
boundary layer at /Ry = 50.

of the boundary layer taken into account. If swallowing is
taken into account, the local skin-friction coefficient should be
a little larger whereas the Stanton number will be slightly
larger. The temperature profile at «/Bx = 50 in Fig. 5
would be greatly different with swallowing and would have a
maximum near the wall which is several times a lower edge
temperature. The species profiles of Figs. 6 and 7 would also
be changed as the freestream gas would be much less dissoci-
ated as part of the entropy layer would have been swallowed
atzx / R N = 50.

For the solution with a noncatalytic wall, unstable results
were obtained with the Crank-Nicolson (6 = 0.5) method.
To avoid this problem, the implicit method with © = 1.0 was
employed. The results for the sharp-cone test case were
compared with © = 0.5 and 1.0, and the results were in close
agreement downstream on the cone. Near the tip (first few
inches) there was a difference between the predictions of the
two methods for the mass fraction of the species, with the
implicit method giving more accurate results. This type of
stability problem has also been observed by Moore® and was
corrected by using the implicit scheme for the first grid point
away from the wall.

The examples indicate that the present method provides a
technique for computing the boundary-layer flow with finite
reaction rates when there are a large number of chemical
species and when the flow is near local chemieal equilibrium.
With the equations uncoupled and the technique not requir-
Ing iterations at each step, the over-all computing time for
flows with many chemical species is reasonable.

References

! Prandtl, L., “Zur Berechnung der Grenzschichten,” Zei-
stschrift fuer Angewandt Mathematik und Mechanik, Vol. 18, 1938,
pp. 77-82; translated as “Note on the Calculation of Boundary
Layers,” TM 959, NACA.

2 Rosenhead, L., ed., Lamsnar Boundary Layers, Clarendon
Press, Oxford, 1963, p. 247.

8 Chudov, L. A., “Review of Boundary-Layer Studies Carried
Out at the Computational Center of Moscow State University,”
Numerical Methods in Gas Dynamics, edited by G. 8. Roslyakov
and L. A. Chudov, Moscow Univ. Press, Moscow, 1963.

¢ Belotserkovskii, O. M. and Chushkin, P. I., “The Numerical
Solution of Problems in Gas Dynamics,” Basic Developments in
Fluid Dynamics, Vol. 1, edited by M. Holt, Academic Press, New
York, 1965.

5 Hartree, D. R. and Womersley, J. R., “A Method for the
Numerical or Mechanical Solution of Certain Types of Partial
Differential Equations,” Proceedings of the Royal Society, Vol.
161A, Aug. 1937, p. 353.

6 Leight, D. C. F., “The Laminar Boundary-Layer Equation:
A Method of Solution by Means of an Automatic Computer,”’
Proceedings of the Cambridge Philosophic Society, Vol. 51, 1955,
pp- 320-332. )

SOLUTION OF THE LAMINAR BOUNDARY-LAYER EQUATIONS 203

7 Manohar, R., “A Characteristic Difference Method for the
Calculation of Steady Boundary-Layer Flow,” Proceedings of the
4th Congress on Theoretical and Applied Mechanics, Indian Society
of Theoretical and Applied Mechanics, Kharagpur, 1958, pp.
135-144.

8 Smith, A. M. O. and Clutter, Darwin W., “Solution of the
Incompressible Laminar Boundary-Layer Equations,” AIAA
Journal, Vol. 1, No. 9, Sept. 1963, pp. 2062-2071.

9 Clutter, D. W., Smith, A. M. O., and Jaffe, N. A., “General
Method for Solving Nonequilibrium Laminar Boundary-Layer
Flow of a Binary Gas,” LB 31616, Oct. 1964, Douglas Aircraft
Co., Long Beach, Calif.

10 Clutter, D. W. and Smith, A. M. O., “Solution of the General
Boundary-Layer Equations for Compressible Laminar Flow, in-
cluding Transverse Curvature,” LB 31088, Feb. 1963, Douglas
Aircraft Co.; revised Oct. 1964.

1 Smith, A. M. O. and Clutter, D. W., “Machine Calculation
of Compressible Boundary Layers,” ATA A Journal, Vol. 3, No. 4,
April 1965, pp. 639-647.

12 Smith, A. M., O. and Jaffe, N. S., “General Method for Solv-
ing the Laminar Nonequilibrium Boundary-Layer Equations of a
Dissociating Gas,” ATAA Journal, Vol. 4, No. 4, April 1966, pp.
611-620.

13 Jaffe, N. A., Lind, R. C., and Smith, A. M. O., “Solution to
the Binary Diffusion Laminar Boundary-Layer Equations includ-
ing the Effects of Second-Order Transverse Curvature,” ATAA
Journal, Vol. 5, No. 9, Sept. 1967, pp. 1563—-1569.

1 Zamurayev, V. P.; “The Laminar Boundary Layer in a
Radiating-Absorbing Gas Near a Flat Plate,”” NASA-TT-F-10,
177, May 1966, NASA ; translation from Zhurnal Prikladnoy M ek-
haniki 1 Teknicheskoy Fiziki, No. 3, 1964, pp. 73-80.

15 Le Maréchal, T. and Ronat, J., “On the Numerical Solution
of the Equations of a Laminar, Compressible Two-Dimensional
Boundary Layer” (in French), Comptes Rendus de I’ Academie des
Sciences, Series A, Vol. 262, No. 9, Feb. 1966, pp. 512-515.

6 Steiger, Martin H. and Sepri, Paavo, “On the Solution of
Initial-Valued Boundary Layer Flows,” PIBAL Rept. 872, May
1965, Polytechnic Institute of Brooklyn, New York.

¥ Lubard, Stephen C. and Schetz, Joseph A., “The Numerical
Solution of Boundary Layer Problems,” Proceedings of the 1968
Heat Transfer and Fluid Mechanics Institule, edited by A. F.
Emery and C. A. Depew, Stanford Univ. Press, June 1968.

18 Finlayson, B. A. and Scriven, L. E., “The Method of
Weighted Residuals—A Review,” Applied Mechanics Reviews,
Vol. 19, No. 9, Sept. 1966.

19 Dorodnitsyn, A. A., “General Method of Integral Relations
and its Application to Boundary Layer Theory,” Advances in
Aeronautical Sciences, Vol. 3, Macmillan, New York, 1960.

20 Pavlovskii, Yu. N., “The Numerical Calculations of the
Laminar Boundary-Layer in a Compressible Gas,” Zhurnal Vych-
islitel’noy Matematiki, Vol. 2, No. 5, 1962, pp. 884-901.

21 Belotserkovskii, O. M. and Chushkin, P. 1., “A Numerical
Method of Integral Relations,” Zhurnal Vychislitel noy Mate-
matiki, Vol. 2, No. 5, 1962, pp. 731-759.

22 Shen’-Tsyuan’, L., “Calculation of the Laminar Boundary
Layer in a Compressible Gas in the Presence of Suction or Blow-
ing,”” Zhurnal Vychislitel noy Matemaiiki, Vol. 2, No. 5, 1962, pp.
868-883.

23 Pallone, A., ‘“Nonsimilar Solutions of the Compressible
Laminar Boundary-Layer Equations with Applications to the
Upstream-Transportation Cooling Problem,” Journal of the
Aerospace Sciences, Vol. 28, No. 6, June 1961, pp. 449-456.

2¢ Pallone, A. J., Moore, J. A.,and Erdos, J. 1., “Nonequilibrium
Nonsimilar Solutions of the Laminar Boundary-Layer Equa-
tions,” ATAA Journal, Vol. 2, No. 10, Oct. 1964, pp. 1706-1713;
also TM RAD-TM-63-58, Nov. 1963, Aveo Corp., Wilmington,
Mass.

% Bethel, Howard E., “On the Convergence and Exactness of
Solutions of the Laminar Boundary-Layer Equations Using the
N-Parameter Integral Formulation of Galerkin-Kantorovich-
Dorodnitsyn,” ARL-66-0090, July 1966, Aerospace Research
Labs., Wright-Patterson Air Force Base, Ohio.

26 Bethel, H. E., “Approximate Solution of the Laminar Bound-
ary-Layer Equations with Mass Transfer,” ATAA Journal, Vol.
6, No. 2, Feb. 1968, pp. 220-225.

27 Kendall, R. M. and Bartlett, E. P., “Nonsimilar Solution
of the Multicomponent Laminar Boundary Layer by an Integral
Matrix Method,”” ATAA Journal, Vol. 6, No. 6, June 1968, pp.
1089-1097.



204 . F. G. BLOTTNER

28 Gortler, H., “Weiterentwicklung eines Grenzschichtprofils
bei gegebenem Druckverlauf,” Zeitschift fuer Angewandt M athe-
mattk und Mechanik, Vol. 19, 1939, pp. 129-140.

29 Gortler, H., “A Method of Differences for the Calculation of
Laminar Boundary Layers,” unpublished translation, Ministry of
Aviation, 1946, London, from ‘“Ein Differenzenverfahren zur
Berechnung  Laminarer Grenzschichten,” Untersuchunger
Mitteilunger deutscher Luftfahrft. No. 6615, 1944.

® Gortler, H., “Ein Differenzenverfahren zur Berechnung
Laminarer Grenzschichten,” Ingenieur-Archiv, Vol. 16, 1948, pp.
173-187.

31 Schréder, K., “Ein einfaches numerisches Verfahren zur
Berechnung der laminaren Grenzschicht,” ForschBer. Detscher
Luftfahrft. No: 1741; translated as ‘A Simple Numerical Method
for the Calculation of the Laminar Boundary Layer,” TM 1317,
1943, NACA.

32 Schroder, XK., “Verwendung der Differenzenrechnung zur
Berechnung der laminaren Grenzschicht,” Mathematika Nachri-
chitenblatt, Vol. 4, 1951, pp. 439-467.

3 Gadd, G. E., “The Numerical Integration of the Laminar
Compressible Boundary Layer Equations, with Special Reference
to the Position of Separation When the Wall is Cooled,” Cur-
rent Paper 312, 1952, Aerospace Research Council, London.

3 Witting, H., “Verbesserung des Differenzenverfahrens von
H. Gortler zur Berechnung laminarer Grenzschichten,” Zeit-
schrift fuer Angewandt Mathematika und Physik, Vol. 4, 1953, pp.
376-397.

8 Terrill, R: M., “Laminar Boundary Layer Flow Near Sepa-
ration with and without Suction,” Philoscphical Transactions,
Vol. A253, 1960, pp. 55-100.

3 Rouleau, W. T. and Osterle, J. F., “Application of Finite
Difference Methods to Boundary Layer Type Flows,” Journal
of the Aeronautical Sciences, Vol. 22, No. 4, April 1955, pp. 249-
254.

% Fliigge-Lotz, 1., “The Computation of the Laminar Com-
pressible Boundary Layer,” ARDC Contract AF 18(600)-586,
Project R-352-30-7, June 1954, Dept. of Mechanical Engineering,
Stanford Univ.; abbreviated version appeared as “A Difference
Method for the Computation of the Laminar Compressible
Boundary Layer,” 60 Jahre Grenzschichiforschung, Friedr.
Vieweg und Sohn, Braunschweig, 1955, p. 393.

8 Fligge-Lotz, I. and Baxter, D. C., “The Solution of Com-
pressible Laminar Boundary Layer Problems by a Finite Dif-
ference Method. Part 1: Description of the Method,” TR 103,
Sept. 1956, Div. of Engineering Mechanics, Stanford, Calif.

3 Fliigge-Lotz, I. and Eichelbrenner, E. A., “La Couche
Limite Laminaire dans I’Ecoulement Compressible le Long
d’'une Surface Courbe,”” Rapport 1/694 A, Aug. 1948, Office
Nationale d’Etudes et de Réchérches Aeronautiques; see also
Eichelbrenner, “Méthodes de Calcul de la Couche Limite
Laminaire Bidimensionelle en Régime Compressible,” publica-
tion 83, 1956, Office National d’Etudes et de Réchérches Aero-
nautiques, p. 39.

2 Baxter, D. C. and Fligge-Lotz, 1., “The Solution of Compres-
sible Laminar Boundary Layer Problems by a Finite Difference
Method, Part II. Further Discussion of the Method and Com-
putation of Examples,” TR 110, 1957, Division of Engineering
Mechanics, Stanford Univ., Stanford, Calif.; abbreviated version
published in Zeitschrift fuer Angewandt Mathematik und Physik,
Vol. IXb, pp. 81-96.

41 Howe, John T., “Some Finite Difference Solutions of the
Laminar Compressible Boundary Layer Showing the Effects of
Upstream Transpiration Cooling,” Memo 2-26-59A, Feb. 1959,
NASA.

22 Kramer, R. F. and Lieberstein, H. M., “Numerical Solution
of the Boundary-Layer Equations without Similarity Assump-
tions,”” Journal of the Aerospace Sciences, Vol. 26, No. 8, Aug.
1959, pp. 508-514.

4 Raetz, G. S., “A Method of Calculating Three-Dimensional
Laminar Boundary Layers of Steady Compressible Flows,”
NAI-58-73, Dec. 1957, Northrop Aireraft Inc., Hawthorne, Calif.

4 Mitchell, A. R. and Thomson, J. Y., “Finite Difference
Methods of Solution of the von Mises Boundary Layer Equation
with Special Reference to Conditions near a Singularity,” Zeit-
schrift fuer Angewandt Mathemaltk und Physik, Vol. 9, 1958, pp.
26-37.

% Mitchell, A. R., “Solution of the von Mises Boundary Layer
Equation Using a High-Speed Computer,” Mathematics of
Computation, Vol. 15, No. 75, July 1961, pp. 238-242.

4 Fliigge-Lotz, I. and Yu, E. “Development of a Finite Dif-

ATAA JOURNAL

ference Method for Computing a Compressible Laminar Bound-
ary Layer with Interaction,” TR 127, Div. of Engineering
Mechanics, May 1960, Stanford Univ.

“ Wu, J. C.,, “On the Finite Difference Solution of Laminar
Boundary Layer Problems,” Proceedings of the 1961 Heat Transfer
and Fluid Mechanics Institute, Stanford Univ. Press, Stanford,
Calif., June 1961.

4 Brailovskaya, 1. Yu and Chudov, L. A., “Reshenie uravenii
progranichnogo sloya metodom setok’ (Solution of Boundary
Layer Equations by Difference Methods), 1960, Rept. VTs,
Moscow State Univ.

4 Brailovskaya, I. Y. and Chudov, L. A., “The Solution of
Boundary Layer Equations by a Difference Method,” Sbornik
Computing Methods and Programming, Moscow State Univ.
(MGTU), Moscow, 1962, pp. 167-182.

% Paskonov, V. M., “A Standard Program for the Solution of
Boundary Layer Problems,” Numerical M ethods in Gas Dynamics,
edited by G. S. Roslyakov and L. A. Chudov, Moscow Univ.
Press, Moscow, 1963.

51 Fligge-Lotz, I. and Blottner, F. G., “Computation of the
Compressible Laminar Boundary Layer Flow Including Dis-
placement-Thickness Interaction Using Finite-Difference Meth-
ods,” TR 131, Jan. 1962, Div. of Engineering Mechanics, Stan-
ford Univ.; for abbreviated version, see Journal de Mecanique,
Vol. II, No. 4, Dec. 1963.

52 Blottner, F. G., “Chemical Non-Equilibrium Boundary
Layer,” AIAA Journal, Vol. 2, No. 2, Feb. 1964, pp. 232-240;
also R638D17, June 1963, General Electric Space Sciences Lab.,
Philadelphia, Pa.

8 Blottner, F. G., “Nonequilibrium Laminar Boundary Layer
Flow of Tonized Air,”” ATAA Journal, Vol. 2, No. 11, Nov. 1964,
pp. 1921-1927; also R64SD56, Nov. 1964, General Electric
Space Sciences Lab., Philadelphia, Pa.

% Galowin, L. S. and Gould, H. E., “A Finite Difference
Method Solution of Non-Similar, Non-Equilibrium Air, Laminar
and Turbulent Boundary Layer Flows,” TR 422, March 1964,
General Applied Science Labs., Westbury, N.Y.

% Davis, R. T. and Fligge-Lotz, I., “Laminar Compressible
Flow Past Axisymmetric Blunt Bodies (Results of a Second-Order
Theory),” Journal of Fluid Mechanics, Vol. 20, Pt. 4, 1964, pp.
593-623; also Rept. 143, Dec. 1963, Div. of Engineering Mechan-
ics, Stanford Univ.

% Fannelop, T. K. and Fliigge-Lotz, 1., “Two-Dimensional
Viscous Hypersonic Flow Over Simple Blunt Bodies Including
Second-Order Effects,” TR 144, June 1964, Div. of Engineering
Mechanics, Stanford Univ.; for abbreviated version, see Journal
de Mecanique, Vol. 1, March 1966.

57 Fussell, D. D. and Hellums, J. D., “The Numerical Solution
of Boundary Layer Problems,” AICRE Journal, Vol. 11, No. 4,
July 1965, pp. 733-739.

%8 Kleinstein, G., ‘“A Finite Difference Solution for an
Initial Value Problem in a Compressible Laminar Boundary
Layer,”” ARL 65-107, May 1965, Aerospace Research Labs.,
Wright-Patterson Air Force Base, Ohio.

% Kleinstein, Gdalia, “Finite Difference Solution of the
Laminar Compressible Boundary Layer Equations in the von
Mises Variables with Applications,” ARL 67-0050, March 1967,
Aerospace Research Labs., Wright-Patterson Air Force Base,
Ohio.

8 Nabi, F., ‘“Operation Instructions and Description of
Computer Program for Finite Difference Solutions of the Laminar
Compressible Boundary Layer Equations in the von Mises Vari-
ables,” ARL 67-0098, May 1967, Aerospace Research Labs.,
Wright-Patterson Air Force Base, Ohio.

1 Lane, F., “Discussion of Problems Relating to the Finite-
Difference Solution of Boundary-Layer Flows,” TM-145, May
1966, General Applied Science Lab., Westbury, N.Y.

2 Lane, F., Lieberman, E., and Fox H., “Analysis and User’s
Manual for Implicit Finite-Difference Computer Program for
Laminar Compressible Boundary Layer Calculations,” TR 629,
Nov. 1966, General Applied Science Lab., Westbury, N.Y.

6 Lieberman, E., Lane, F., and Fox, H., “Analysis and Com-
puter Program for Calculation of Non-similar Laminar Boundary-
Layer Properties: Air in Chemical Equilibrium and Finite Rate
Chemistry,” AMC-67-22, June 1967, Picatinny Arsenal, Dover,
NJ.

¢ Gruenich, F. A. and Pindroh, A. L., “An Efficient General-
ized Solution for Reacting Laminar Boundary Layers,” D2-
125228-1, Nov. 1966, The Boeing Co., Seattle, Wash.



FEBRUARY 1970

% Ting, L., “On the Initial Conditions for Boundary Layer
Equations,” Journal of Mathematics and Physics, Vol. XLIV,
No. 4, Dec. 1965, pp. 353-367.

% Krause, E., “Numerical Solution of the Boundary Layer
Equations,” ATAA Journal, Vol. 5, No. 7, July 1967, pp. 1231~
1237; also NYU-AA-66-57, June 1966, Dept. of Aeronautics and
Astronautics, New York Univ., Bronx, N. Y.

8 Fannelop, T. K., “A Method of Solving the Three-
Dimensional Laminar Boundary-Layer Equations with Applica-
tion to a Lifting Re-entry Body,” ATAA Journal, Vol. 6, No. 6,
June 1968, pp. 1075-1084.

& Moore, J. A., “Chemical Nonequilibrium to Viscous Flows,”’
Ph.D. dissertation, State Univ. of New York at Buffalo, May
1967; also Moore, J. A. and Lee, J. T., “Discontinuous In-
jection of Inert Gases into the Nonequilibrium Laminar Bound-
ary Layer,” Proceedings of the XVIII Internativnal Asironautical
Congress, Propulsion and Reentry, Vol. 3, Pergamon Press and
PWN-Polish Scientific Publ., Oxford and New York, 1968, pp.
247-269.

8 Farrington, C. C., “Calculation of Non-similar Boundary
Laver Flows,” TM 9851-122, June 1964, TRW Systems Inc.,
Redondo Beach, Calif.

7 Schonauer, W., “A Differencing Method for Solving the
Boundary Layer Equations for Stationary, Laminar, Incompres~
sible Flow,” (in German) Ingenicur-Archiv, Vol. 33, 1964, pp.
173-189.

"1 Shehennikov, V. V., “Calculation of the Laminar Boundary
Layer Along the Generating Line of a Sublimating Body of Revo-
lution,” Journal of Computer Mathematics and Mathematical
Physics, Vol. 5, No. 1, 1965, pp. 139-144.

72 Patankar, S. V. and Spalding, “A Finite-Difference Pro-
cedure for Solving the Equations of the Two-Dimensional
Boundary-Layer,” International Journal of Heat Mass Transfer,
Vol. 10, 1967, pp. 1389-1411; also Heat and Mass Transfer in
Boundary Layers, Morgan-Gramplan Books, London, 1967.

73 Koh, J. C. Y. and Price, J. F., “Nonsimilar Boundary-Layer
Heat Transfer of a Rotating Cone in Forced Flow,” T'ransactions
of the ASME, Ser. C: Journal of Heat Transfer, Vol. 88, May
1967, pp. 139-145.

7¢ Solan, A. and Cohen, I. M., “The Rayleigh Problem in a
Radiating Compressible Gas. Part 1: Plate Mach Number
Finite,” Nonr-562(35)10, March 1966, Div. of Engineering,
Brown Univ., Providence, R. I.

SOLUTION OF THE LAMINAR BOUNDARY-LAYER EQUATIONS 205

7 Sibulkin, M. and Dispaux, J.-C., “Numerical Solutions for
Radiating Hypervelocity Boundary Layer Flow on a Flat
Plate,” AIAA Journal, Vol. 6, No. 6, June 1968, pp. 1098-1104.

" Douglas, J., Jr., “A Survey of Numerical Methods for
Parabolic Differential Equations,” Advances in Compuiers, Vol. 2,
edited by F. L. Alt, Academic Press, New York, 1961.

7 Levine, J. N., “Finite Difference Solution of the Laminar
Boundary Layer Equations Including Second-Order Effects,”
ATAA Paper 68-739, Los Angeles, Calif., 1968.

B Sills, J. A., “Transformations for Infinite Regions and Their
Application to Flow Problems” AIAA Jowrnal, Vol. 7, No. 1,
Jan. 1969, pp. 117-123.

78 Blottner, F. G., “Chemically Reacting Boundary Layer with
Ablation Products and Nose Bluntness Effects,” TIS R67 SD14,
April 1967, General Electric Co., Philadelphia, Pa.

8 Bird, R. B., Stewart, W. E., and Lightfoot, E. N., Transport
Phenomena, Wiley, New York, 1960.

81 Blottner, F. G., “Viscous Shock Layer at the Stagnation
Point with Nonequilibrium Air Chemistry,” AIAA Journal, Vol.
7, No. 12, Dec. 1969, pp. 2281-2288.

82 Hirschfelder, J. O., Curtiss, C. F., and Bird, R. B., Molecular
Theory of Gases and Liguids, Wiley, New York, 1954, p. 486.

88 Yos, J. M., “Transport Properties of Nitrogen, Hydrogen,
Oxygen, and Air to 30000°K,” RAD-TM-63-7, March 1963,
Avco Corp., Wilmington, Mass.

84 Yos, J. M., “Revised Transport Properties for High Tem-
perature Air and Its Components,”” Tech. Release, Nov. 1967,
Space Systems Division, Avco Corp., Wilmington, Mass.

8 Yun, K. S. and Mason, E. A., “Collision Integrals for the
Transport Properties of Dissociating Air at High Temperature,”
The Physics of Fluids, Vol. 5, No. 4, 1962, pp. 380-386.

8 Yun, K. S., Weissman, S., and Mason, E. A., “High-Tem-
perature Transport Properties of Dissociating Nitrogen and Dis-
sociating Oxygen,” The Physics of Fluids, Vol. 5, No. 6, June
1962, pp. 672-678. ‘

87 Douglas, J., Jr. and Jones, B. F., Jr., “On Predictor-Correc-
tor Methods for Nonlinear Parabolic Differential Equation,”
Journal of the Society of Industrial and Applied Mathematics, Vol.
11, No. 1, March 1963, pp. 195-204.

8 Richtmyer, R. D., Difference Methods for Initial-Value Prob-
lems, Interscience, New York, 1957, Chap. 9.



